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Introduction

How to deliver information precisely and efficiently
Classified directory
Search engine
Recommender system
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Generic form

User-Item preference matrix: R = [rui ]U×I .
rui is ordered or unordered categorical or continuous, rating,
score, etc.
Each row represents a user. Each column represents an item.
Observe rui only over subset Ω.
Goal:

Complete R: Rating prediction.
Make recommendations: Top-N recommendation.
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Evaluation

Root Mean Squared Error(RMSE):

rmse =

√
1

ntest

∑
test

(rui − r̂ui)
2

Mean Absolute Error:

rmse =
1

ntest

∑
test

|rui − r̂ui |

Many other criteria:

Recall: recall =

∑
u∈U

|R(u)
∩

T (u)|∑
u∈U

|T (u)|

Precision: precision =

∑
u∈U

|R(u)
∩

T (u)|∑
u∈U

|R(u)|

Coverage: coverage =
∪

u∈U |R(u)|
|I|

Gini Index, Diversity, Serendipity, Trustworthy, Transparency,
Robustness, Real-Time, etc.
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General Methods
Filtering: Measure similarity

Collaborative Filtering(User-CF):
Find similar users.

Content-based Filtering(Item-CF):
Find similar items.

Hybrid
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General Methods
Matrix factorization and low-rank approximation

Latent Factor Model(LFM):

RU×I = PU×K QT
I×K

The idea comes from text mining when researchers tring to find
latent topic from text. Here, LFM is used to find comon latent class
of users and items.
The user-item interactions are modeled as inner product.

LF 1 LF 2 LF 3
Title Genre Title Genre Title Genre
Catwalk (1995) Documentary In the Line of Duty 2

(1987)
Action The Gay Deceivers

(1969)
Comedy

See the Sea (1997) Thriller Simon Sez (1999) Action The Acid House
(1998)

Comedy

The Secret Agent
(1996)

Thriller Taffin (1988) Action Mad Dog Time
(1996)

Comedy

Table: LFM on MovieLen 1M
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General Methods
Matrix factorization and low-rank approximation

Figure: Another result of the method, but with different algorithms and
parameter settings.
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Challenges

Big Data: For Movielen dataset, number of rating observations
ranges from 1m to 20m. In practical situation, this could easily be
above 1B.
Yet sparsity: For Movielen 1M, there are 6000 users and 4000
movies. Observational ratio is 4%. For Movielen 20M, there are
138000 users and 27000 movies, the ratio is 0.5%.
Also these missing are non-ignorable.
Cold start problem: How to make recommendations for a new
user or item?
How to define similarities? How to determine number of latent
factors?
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Partial Latent Models

We link rij = G
(
θij
)

with preference probability or mean parameter in a
generalized linear model, where G (·) is a link function.

θij = xT
i α+ yT

j β + aT
i bj (1)

where
xi =

(
xi1, · · · , xiU0

)T
, User-specific vector

yj =
(
yj1, · · · , yjM0

)T
, Content-specific vector

and

ai = (ai1, · · · ,aiK )
T , Unobserved user latent vector

bj =
(
bj1, · · · ,bjK

)T
, Unobserved item latent vector
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Partial Latent Models

Equation(1) can be expressed in a matrix form

Θ = ABT , A =


xT

1 βT aT
1

xT
1 βT aT

1
...

...
...

xT
U βT aT

U

 , B =


yT

1 αT bT
1

yT
1 αT bT

1
...

...
...

yT
I αT bT

I

 (2)

The decomposition is latent if

Θ0 = ĀB̄T , r (Θ0) = r
(
Ā
)
= r

(
B̄
)
= r0 ≤ K

where Ā and B̄ are U × K and I × K matrices having the same
locations of zero-columns simultaneously.
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Sparse Latent Factorizations

Θ0 =

(
2 1
1 1

)
=

(
1 1
0 1

)(
1 0
1 1

)
=

(
2 4
0 4

)(
0.5 0

0.25 0.25

)
=

(
−1.376 −0.325
−0.851 0.526

)(
−1.376 −0.851
−0.325 0.526

)
The latent factorization in 1st row is sparser than that in the 2nd
row. And we seek a sparsest latent factorization

(A0,B0) = argmin
Θ0=Ā0B̄T

0

(∥∥Ā0
∥∥

0 +
∥∥B̄0

∥∥
0

)
The L0 norm could be replaced by other penalty, and the pursuit of
sparsest factorization is achieved by the means of identifying zero
entries of A0 and B0.
Identifiability issue due to scaling when developing the algorithm.
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Methods
Some assumptions

The negative log-likelihood(loss function) is∑
(i,j)∈Ω

l
(

rij ,xT
i α+ yT

j β + aT
i bj

)

No interactions of main effects.
Ignorable missing.
(Conditional) independent observations.

The choice of l (·, ·) depends on models underlying the observed data.
This paper’s strategy is to work with the likelihood of incomplete data.
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Methods
Cost function

Sq

(
α, β, Ã, B̃

)
=

∑
(i,j)∈Ω

l
(

rij , xT
i α+ yT

j β + aT
i bj

)
+ λ

 U∑
i=1

∥ai∥q +
I∑

j=1

∥bj∥q

 (3)

where q = 0,1. When q = 2, the real penalty is ∥·∥2
2. For efficient

computation, the L0 norm is replaced by its continuous surrogate, the
truncated L1 function J (u) = 1

τ min (|u|, τ) Shen, Pan, and Zhu(2012).

∥z∥0 =
K∑

k=1

J (zk )

-2 -1 0 1 2

0.
0

0.
5

1.
0

1.
5

2.
0

x

J(
x)

t- t

-2 -1 0 1 2

0.
0

0.
5

1.
0

1.
5

2.
0

x

J(
x)

t- t

J1(x)
J2(x)
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Methods
Blockwise coordinate decent method

Update âi given the rest; i = 1,2, · · · ,U by minimizing∑
j∈Ri·

l
(

rij ,xT
i α̂+ yT

j β̂ + aT
i b̂j

)
+ λ ∥ai∥q (4)

where Ri· is observations user i has rated.
Update b̂j given the rest; j = 1,2, · · · , I by minimizing∑

i∈R·j

l
(

rij ,xT
i α̂+ yT

j β̂ + âT
i bj

)
+ λ

∥∥bj
∥∥

q (5)

Update main effects
(
α̂, β̂

)
given rest by minimizing∑

i∈R·j

l
(

rij ,xT
i α+ yT

j β + âT
i b̂j

)
(6)
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Methods
Equal Scaling

Let sk and tk be the k -th column of Ã and B̃ in equation(3),
k = 1,2, · · · ,K . And ck > 0 is a scalar. Then replacing them with cksk
and c−1

k tk will not change the value of the loss function part. Also it
won’t change the predicited scores. But the penalty function part
changes.

For L1 norm, note that

U∑
i=1

∥ai∥1 +
I∑

j=1

∥∥bj
∥∥

1 =
K∑

k=1

(∥sk∥1 + ∥tk∥1)

Then

∥cksk∥1 +
∥∥∥c−1

k tk

∥∥∥
1
= ck ∥sk∥1 + c−1

k ∥tk∥1 ≥ 2
√

∥sk∥1 ∥tk∥k

Equality holds ⇐⇒ ck ∥sk∥1 = c−1
k ∥tk∥1 ⇐⇒ ck =

√
∥tk∥1
∥sk∥1
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Methods
Equal Scaling

For L2 norm, the result is similar:

U∑
i=1

∥ai∥2
2 +

I∑
j=1

∥∥bj
∥∥2

2 =
K∑

k=1

(
∥sk∥2

2 + ∥tk∥2
2

)
∥cksk∥2

2 +
∥∥∥c−1

k tk

∥∥∥2

2
= c2

k ∥sk∥2
2 + c−2

k ∥tk∥2
2 ≥ 2

√
∥sk∥2

2 ∥tk∥2
2

The equality holds ⇐⇒ c2
k ∥sk∥2

2 = c−2
k ∥tk∥2

2 ⇐⇒ ck =
∥sk∥2
∥tk∥2
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Algorithm 1
L1 method with missing values

1 Initialization. Input ratings rij , the upper bound K , tuning
parameter λ, initial values for (α, β,A,B)

2 For each user, solve (4) to update âi , i = 1,2, · · · ,U.
3 For each item, solve (5) to update b̂j , j = 1,2, · · · , I.
4 Solve (6) to update main effects

(
α̂, β̂

)
.

5 Check and update the maximum improvement.
6 Apply equal scaling strategy if Â or B̂ is updated.
7 Iterate until stopping conditions met.
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Convergence properties of the algorithms

Lemma

The estimate
(
αL1 , βL1 , ÃL1 , B̃L1

)
and

(
αL0 , βL0 , ÃL0 , B̃L0

)
, computed

from Algorithm 1 and a L0 version of Algorithm 1, are stationary points
of S1

(
α, β, Ã, B̃

)
and S0

(
α, β, Ã, B̃

)
, respectively.
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Notations and assumptions

Degree of sparsity sq:

sq = minΘ0=ABT

(
∥A∥q + ∥B∥q

)
, q = 0,1

s2 = minΘ0=ABT

(
∥A∥2

2 + ∥B∥2
2

)
Parameter space: F ={
θ = ABT : ∥A∥∞ ≤ L, ∥B∥∞ ≤ L,A ∈ M (U,K ) ,B ∈ M (I,K )

}
where M (M,N) is a class of M × N matrices, L > 0 is a constant.

Hellinger-distance h (Θ1,Θ2) = (UI)−1
U∑

i=1

I∑
j=1

h
(
θ1

ij , θ
2
ij

)
, where

h
(
θ1

ij , θ
2
ij

)
=

∫ (
f 1/2

(
rij , zij , θ

1
ij

)
− f 1/2

(
rij , zij , θ

2
ij

))2
dµ

(
rij , zij

)
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Notations and assumptions
Smoothness of likelihood

Assumption A

For some constant d0 > 0, any θ1
ij and θ2

ij ,∣∣∣f 1/2
(

rij , zij , θ
1
ij

)
− f 1/2

(
rij , zij , θ

2
ij

)∣∣∣ ≤ G
(
rij , δij

) ∣∣∣θ1
ij − θ2

ij

∣∣∣
with sup1≤i≤U,1≤j≤IEG

(
rij , δij

)
≤ d0
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Error bound for L0 method

Theorem (1)

Under Assumption A, for Θ̂L0 , if K ≥ r0 ≡ r (Θ0), then there exists a
constant c1 > 0, such that for (|Ω| ,U, I),

P
(

h
(
Θ̂L0 , Θ̂0

)
≥ ϵ0,|Ω|

)
≤ 4 exp

(
−c1 |Ω| ϵ2

0,|Ω|

)
(7)

provided that λ = s−1
0 c3ϵ

2
0,|Ω|, where ϵ2

0,|Ω| = log
(
(U+I)K

s0

)
s0
|Ω| , which is

log
(
(U+I)r0

s0

)
s0
|Ω| when K = r0 is tuned. As |Ω|, U, I → ∞.
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Error bound for L1 and L2 method

This is a parallel result of Theorem 1

ϵ1,|Ω| =

√
s2

1log ((U + I)K )

|Ω|

ϵ2,|Ω| =

√
(U + I)K logs2

|Ω|

In summary
ϵ0,|Ω| ⪯ ϵmat

|Ω| ⪯ ϵ1,|Ω| ⪯ ϵ2,|Ω|

Here an ⪯ bn means an ≤ cbn for some c > 0, for all sufficiently large
n.
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Data description

Data collected by GroupLens Research. 1M MovieLens:
100209 ratings(1-5) from 6040 users on 3900 movies.
Predictors:

user-related covariates: gender, age, occupation and zip-code
content-related covariates: movie genres

There are also 10M, 20M at their website.
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Data description
Sparsity

Red points are observed ratings. UserID and MovieID both range from
1 to 200.
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M
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Figure: Scatter plot for a sample of ratings.
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Data description
Nonignorable Missing

Histogram of mcar
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Figure: User’s number of ratings compared with MCAR number of ratings
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Data description
Nonignorable Missing
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Figure: Movie’s rating pattern compared with MCAR
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Benchmark Result

My reproduction of L1 method gives rmse = 0.95. But there are some
problems in the computation.
The result of the paper is:

Figure: RMSE’s of various methods
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Smooth Neighbourhood Recommender Systems

Consider this cost function for a smooth neighbourhood recommender
system

L (P,Q) =
1
UI

U∑
i=1

I∑
j=1

 ∑
(i ′,j ′)∈Ω

ωij,i ′j ′
(

ri ′j ′ − pT
i qj

)2


+ λ1

U∑
i=1

P (pi) + λ2

I∑
j=1

P
(
qj
) (8)

and the weight function ωij,i ′j ′ is defined as

ωij,i ′j ′ =
Kh

(
xij ,xi ′j ′

)
Si ′j ′

ij∑
(i ′j ′)∈Ω

Kh
(
xij ,xi ′j ′

)
Si ′j ′

ij

(9)

where Kh (·) is a kernel function and Si ′j ′
ij is another measure of

similarity between (i , j) and (i ′, j ′). Source of these information could
be other than the rating-related data.
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Some thoughts

Can deal with cold start problem.
Complete the rating matrix to make estimation and prediction.
Each subproblem needs more computational rescourse.
The performance releys on not only the method itself, but also the
information of the outside network.
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An example
Course recommendations

We want to make recommendations for students about which courses
are suitable for he/she.

Goal: improve students’ score, hoping they will be more
competitive when appling for jobs.
Rating: students’ score(or taecher evaluation).
User: students, gender, major, book renting history, etc.
Item: courses(just?), school and department information,
teacher’s information
Cold start: the cold start ratio of students is about 25%.
Practical issues: data storage and transmission, data cleanning,
monitoring task table, APIs
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An example
Representive courses of latent factors

Figure: Representvie courses of latent factors
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An example
Top-n recommendations

Figure: An example of top-10 recommendations

Figure: Another example of top-10 recommendations. This student’s major is
product design.
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